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We study the nature of constraints and count the nnmber of degrees of freedom in the nonpro¬ 
jectable version of the U{1) extension of Hofava-Lifshitz gravity, using the standard method of 
Hamiltonian analysis in the classical field theory. This makes it possible for us to investigate the 
condition under which the scalar graviton is absent at a fully nonlinear level. We show that the 
scalar graviton does not exist at the classical level if and only if two specific coupling constants are 
exactly zero. The operators corresponding to these two coupling constants are marginal for any 
values of the dynamical critical exponent of the Lifshitz scaling and thus should be generated by 
quantum corrections even if they are eliminated from the bare action. We thus conclude that the 
theory in general contains the scalar graviton. 


I. INTRODUCTION 


Hofava [l| proposed a power-counting renormalizable theory of gravity in 2009. 
malizable in the power-counting sense is the anisotropic scaling, or Lifshitz scaling, 


What renders the theory renor- 


t —)> b^t, X —>■ bx, 


( 1 ) 


with the dynamical critical exponent z > d at high energy, where d is the number of spatial dimensions. Because of 
this scaling, the theory is often called Hofava-Lifshitz gravity. The basic quantities are the lapse N, the shift iV* and 
the three-dimensional spatial metric gij. In the minimal theory called the projectable theory, the lapse is set to be a 
function of time only. Hence, the basic quantities in the projectable theory are 

N = N{t), N'’= N^{t,x), gij = gij{t,x), (projectable). (2) 

On the other hand, in the nonprojectable theory the lapse may depend on the spatial coordinates as well as the time, 
and thus the basic quantities yield 

N = N{t,x), = N^{t,x), gij = gij{t,x), (nonprojectable). (3) 

The fundamental symmetry of the theory is the invariance under the so-called foliation-preserving diffeomorphism, 

t f f'(t), x^x'{t,x). (4) 


Since the theory enjoys less symmetries than general relativity (GR), the number of propagating degrees of freedom 
is larger. It contains not only a tensor graviton but also a scalar graviton. The properties of the scalar graviton at the 
linearized level crucially depend on a parameter commonly denoted as A. The positivity of the (time) kinetic term of 
the scalar graviton on a flat background requires that 


A < - or 1 < A. 

3 

On the other hand, the dispersion relation of the scalar graviton in the projectable theory is 


z 2 7*2 , 

U) — ^2 


M2 


Q!3' 


M4 ’ 


C? = - 


A- 1 


3A- 1 


(?, (projectable). 


(5) 

( 6 ) 


where M is a mass scale, 02,3 are dimensionless constants and Cg is the speed of gravitational waves. Short-wavelength 
perturbations are stable, provided that 02,3 are positive. However, for the range of A shown in Eq. the “sound 
speed squared” is negative and thus the flat background is unstable against long-wavelength perturbations. 

One way to tame the instability in the infrared (IR) is to relax the projectability condition and thus to consider 
the nonprojectable theory ([3]). In this case the lapse can depend on spatial coordinates, and thus terms depending on 
spatial derivatives of the lapse may enter the action. This significantly increases the number of independent coupling 
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constants in the theory but allows for a stable regime of parameters in the IR. The “sound speed squared” is now 
given by 


c 


2 

S 


\ ——- cl, (nonpro j ectable), 

3A — 1 Tf ^ 


(7) 


where t] is the coefficient of the new term g^^di \nNdj In (The formula for cl in the projectable theory is recovered 
in the limit g ^ oo.) Thus the scalar graviton is stable in the IR if the condition ([S]) is satisfied and if 

0<g< 2cl. ( 8 ) 

Another way out is to keep the projectability condition and to impose the condition Q 


|cs| < max[-\/[¥|, i/L] for L > max[0.01 mm, 1/M], (projectable), (9) 

where H is the Hubble expansion rate of the background universe, L is the length scale of interest and $ ^ —GnpL"^ 
is the Newtonian potential. This and the condition ([5]) imply that A must approach 1 from above under the renor¬ 
malization group (RG) flow as the Hubble expansion rate decreases. This would pose a nontrivial phenomenological 
constraint on properties of the RG flow. 

In the projectable theory, in the limit A —>■ 1 deep inside the condition 0, the solution to the momentum constraint 
equation for scalar-type perturbations around a flat background becomes singular. Due to this behavior, the pertur¬ 
bative expansion of the action for the scalar graviton breaks down as A approaches 1 from above: there is an infinite 
series of terms in which the coefficients of terms of higher order in perturbative expansion have more negative powers 
of (A — 1) and thus are more singular in the limit. However, all those singular terms are kinetic terms, i.e. terms with 
two time derivatives, and terms without time derivatives are always independent of A. For this reason, if the sum of 
kinetic terms can in principle be canonically normalized, then the potential terms written in terms of the canonically 
normalized field have only positive powers of (A — I) and should be regular in the A —^ 1 limit. In this sense, the 
canonically normalized scalar graviton is weakly coupled and expected to be decoupled from the rest of the world in 
the A —> I limit. Indeed, it has been shown for simple cases such as static, spherically symmetric configurations 0 and 
superhorizon perturbations in the expanding universe Si that the GR (plus dark matter S) is smoothly recovered 
in the limit if (and only if) nonlinearity is fully taken into account. For this reason the behavior of the scalar graviton 
in the A —>■ 1 limit does not necessarily pose a conceptual problem at least in principle. Nonetheless, it is fair to say 
that the breakdown of perturbative expansion leads to technical difficulties as fully nonlinear behavior is not easy to 
analyze in general, beyond the above-mentioned explicit examples. As pointed out in Ref. S, the situation is similar 
to the Vainshtein screening mechanism in massive gravity and other modified gravity theories in. 

Even in the nonprojectable theory, if we impose observational constraints on A, g and Cg then one of the following 
two should happen: the perturbative expansion breaks down at a scale considerably lower than the Planck scale Q, 
or higher derivative corrections to the dispersion relation must kick in at an even lower scale Q . The latter case may 
be in conflict with observation M- Therefore, one might have to consider the former case in which the perturbative 
expansion breaks down at a certain scale. As in the case of the projectable theory, since the perturbative expansion 
breaks down only in the kinetic terms of the scalar graviton, this is not necessarily a problem at least in principle. 
This situation is again similar to the Vainshtein screening mechanism. 

As the third possibility to get around the issue of the scalar graviton, Hofava and Melby-Thompson m proposed 
a t/(I) extension of the projectable version of Hofava-Lifshitz gravity in which the scalar graviton is claimed to be 
absent. In the context of the 17(1) extension of Hofava-Lifshitz gravity it was originally claimed that the symmetry of 
the theory automatically fixes the parameter A to 1 and that the scalar graviton is absent because of this value of A. 
Later it was however shown that the theory with any value of A can be constructed without spoiling the symmetry [l^ . 
Nonetheless, at the level of linear perturbations it was shown that the scalar graviton is still absent for any A. The 
proof of the absence of the scalar graviton was later extended to a fully nonlinear level [l^ . 

While the original theory with the 17(1) symmetry is projectable, it is possible to extend it to a nonprojectable 
theory Big. At linear perturbations around the Minkowski background it is known that the nonprojectable 17(1) 
extension has a scalar graviton for a generic choice of coupling constants [l^. On the other hand, if one of the 
parameters in the IR action (which is denoted as 772 in the present paper) is set to zero, then linear perturbations in 
the theory do not contain the scalar graviton [T3| . 

The purpose of the present paper is to perform the Hamiltonian analysis and to count the number of degrees of 
freedom in the nonprojectable version of the 17(1) extension. This makes it possible for us to investigate the condition 
under which the scalar graviton disappears at a fully nonlinear level. We shall show that the theory generically 
contains the scalar graviton: the scalar graviton does not exist if and only if two coupling constants are exactly zero. 
The terms corresponding to these two specific coupling constants are marginal for any values of the critical exponent 
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z and the spatial dimension d, and thus should be generated by quantum corrections even if they are eliminated from 
the bare action by hand. 

The rest of the present paper is organized as follows. In Sec. Ullwe review the construction of the 17(1) extension 
of Hofava-Lifshitz gravity. In Sec. IIIII we adopt the method of Hamiltonian analysis in the classical field theory to 
study the nature of constraints in the theory. We then count the number of degrees of freedom in Sec. IIVI Section IVl 
is devoted to a summary of this paper and to some discussions. As supporting materials, we show a useful technique 
to ease calculations by using the symmetry of spatial diffeomorphism in Appendix and briefly discuss the case of 
the projectable version of the theory in Appendix IbI 


II. NONPROJECTABLE HORAVA-LIFSHITZ GRAVITY WITH 17(1) SYMMETRY 

In this section we provide a brief review of the construction of the 17(1) extension of Hofava-Lifshitz gravity, 
following the derivation presented in Appendix A of Ref. [l^. For details of the theory we refer readers to, e.g. Refs. 

mill. 

The basic quantities of the theory are the lapse N{t,x), the shift N‘^{t,x) and the spatial metric gij{t,x), sup¬ 
plemented by the gauge field A(t,x) and an auxiliary scalar v{t^x), often called the Newtonian prepotential. The 
transformations of these quantities under the infinitesimal foliation-preserving diffeomorphism, 

St = f{t), 6x"=C{t,x), (10) 


are defined as 


Sg^j = fdtg,, + C^g,„ SN^ = dt{N^ f) + SN = dt{Nf) + 

6A = ^tiAf) + C^^A, (5i/=-h rSjZ/, (11) 

where is the Lie derivative along . On top of the symmetry under the transformation (HU, we further introduce 
an Abelian symmetry, which is thus called the 17(1) symmetry, such that the action of the theory is invariant under 
the infinitesimal local transformation parametrized by the gauge parameter a(t,x). The basic quantities transform 
as. 


6Ni = Ndia, 5 A = Nd_\_a^ 5v = a, 5gij = 0, 5N = 0, (12) 

where d_\_ = {1/N){dt — N'^di). Spatial indices are raised and lowered by g*-! and respectively. The scaling 
dimensions are then assigned to coordinates and variables as follows: 

[^i] = 1, [dt] = z, [dtd^'f] = -z-d, [9j_] = z, 

[ 5 ,,] = 0, m = [V*] = z-l, [iV] = 0, 

[a]=z- 2, [A] = 2z - 2, [v\=z- 2, (13) 

where d is the number of spatial dimensions, and z > d is the dynamical critical exponent, which determines the 
scaling © in the UV regime. 

In order to construct a 17(l)-invariant action, it is convenient to define the following 17(l)-invariant ingredients: 

~ — DiNj — DjNi), 

=N^ - ND^v, 

a = ^- dxv - ^D'^vDiV, (14) 


where Di is the spatial covariant derivative compatible with gij . The scaling dimensions of Kij and cr are 

[kij] = z, [cr] = 2z - 2. 

The kinetic action for gij is then constructed from Kij as 

A/f2 f p 

/ dtd‘^Xy/^N - XK'^ 


(15) 


( 16 ) 
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where Mpi is a constant corresponding to the Planck scale at low energy, A is a dimensionless constant, g = det{gij) 
and K = g^^Kij. The scaling dimension of the kinetic terms is 

= [K^] = 2z, (17) 

and thus the power-counting renormalizability requires that the other terms in the action should have scaling dimen¬ 
sions equal to or less than 2z. In particular, it is required that the dependence of the action on a be at most linear. 
This is because 


[tj"] = 2n{z — 1) > 2z, for n > 2, z > d> 3, 


(18) 


and because derivatives and all other fundamental variables have non-negative scaling dimensions in z > c? > 3. On 
the other hand, the linear term, cr, is always power-counting renormalizable (relevant) since [a] = 2z — 2 < 2z. Other 
terms linear in cr, that is Ra, a^OiCr, and D^'aia, are marginal, i.e.. 


[Ra] = [a*aicr] = [D’^ata] = 2z, 


(19) 


where R is the Ricci scalar of gij and Oi = DilnN. We do not include in the action the time derivatives of N, TV® 
or A, since no relevant/marginal terms that are invariant under both the foliation-preserving diffeomorphism and the 
U{1) transformation can be constructed. 

The gravity action which respects foliation-preserving diffeomorphism, the U{1) symmetry and the power-counting 
renormalizability in UV thus reads 


I = 


^p\ 

2 


dtd‘^Xy/gN 




£v + {2n - r]oR +r]ia"ai + r] 2 D^ai)a , 


( 20 ) 


where U and ??o,i ,2 are constants, and the potential term Cv[gij,N] is constructed from Ui, gij, Di and the Rie- 
mann tensor of gij^ including all the terms that contain up to 2z spatial derivatives and are invariant under the 
diffeomorphism. One of the coupling constants ? 7 o,i ,2 is in fact redundant and one can, for example, set 

% = 1 , ( 21 ) 


by a redefinition of A and O. 


III. HAMILTONIAN ANALYSIS 


It has been shown that the projectable version, i.e. the lapse N being a function only of time t, of the t/(l) 
extension of Hof ava-Lifshitz gravity has the same number of degrees of freedom as GR, or equivalently one less degree 
of freedom than the original version of Hof ava-Lifshitz theory |llMl3| . However, once the nonprojectable version, i.e. 
N = N{t,x), is considered with all the terms consistent with the symmetry included, an additional scalar degree of 
freedom, dubbed a scalar graviton, reappears already at the level of linearized perturbations [l^ . In this section, in 
order to understand the complete structure of the theory, we perform the Hamiltonian analysis and count the number 
of degrees of freedom at the fully nonlinear order. Since we are interested in the physical degrees of freedom contained 
in the gravity sector, we shall omit matter fields. 

We start with the {(P -I- 3d -I- 6)-dimensional phase space {gtj, A®, TTi, N, ttn, A, tta, v, t^v) at each point in 
spacetime, where tt^, ttjv, t^a and tTj^ are the canonical momenta conjugate to A*, A, A and v, respectively. 
The Poisson bracket is defined in the standard way as 


{F,G}p = 


d^a 


5F SG 
Sg^j{x) i57rb(x) 
6F SG 


+ 


SF SG 
SN'^{x) STTi{x] 
SF SG 


+ 


SF SG 
SN{x) STT]Sf{x) 
SF SG 


SA{x) Stta^x) 
SF SG 


SiTi^x) SN'^{x) 

The canonical momenta are found as 




Siy(x) S7r^(x) 

STrd{x) Sgij{x) 



SF SG 

SF SG 

SF SG ' 

(22) 

SttnIx) SN{x) 

Stta{x) SA{x) 

StTv{x) Sv(x) 

o' 

II 

— Jai 


(23) 


1 


(24) 


2 
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where 

Ja = —^y/g{2n - r]oR + r]ia‘ai + ri2D\i). (25) 

Notice that Eq. (05)) constitutes the primary constraints of the system. We can invert the relation (1^^ to express Kij 
in terms of tt®-’ as 

where for notational brevity we have defined 

Ydijdkl ■ (27) 

As is clear from Eq. (l23|) . such an inversion cannot be done for dtN^, dtN, dtA and dti^. While the action ((SHI) 
does not contain dtN'^, dtN or dtA and so there is no need for the inversion, dtv does not enter the Hamiltonian 
either once the constraint -Kh = — Ja in Eq. (USD is imposed. One can thus see that the {d + 3) primary constraints 


TTi Ri ttat Ri TTA ~ TTy + Ri 0 are all independent. 

To proceed, we first inspect the algebra of the primary constraints. The Poisson brackets of and tta with all the 
constraints trivially vanish; 

{7r,(f), $(?7)}p = 0, {t^a{x), $(27)}p = 0, (28) 

where stands for {tt^, tt^v, tTj^ + Ja}- The Poisson brackets between ttjv and + Ja are, on the other hand, 

{TTNix), TTN{y)}p = {T^uix) + Ja{x), TT„{y) + JA{y)}p = 0, (29) 

{'^[x],'^u +JA[y>]}p = {^[x],JA[‘f]}p = j d’^x^if{'q2D'^ + ‘2.'nia,D'-) (30) 

where the over-bar denotes 

^[x] = J d‘^x<^{x)xix) , (31) 


Gijkl — i2^9ik9il T 9il9jk) 


where $ is any constraint of scalar type and y is an arbitrary function. Hereafter we assume that the arbitrary 
functions corresponding to x(^) independent of the canonical variables; otherwise, some of the strong equalities 
(=) should be replaced by the weak ones (r;). 

The Hamiltonian of the system is now constructed as 


H = 


J d‘^x[n^^dtgij + nAN'’ + irndiN + iTAdtA + TT^div - C] 


d^a 


2 


^kl 


M, 


N 


^V9 -tJT + -^C.v - N-H,D^u + -JaD.vD^v 

V^pi V9 V9 ^ ^ 2 

+ {H, - JaD,u) - AJa 


(32) 


where C is the Lagrangian density and we have defined 


Hi = -2y/gDj 



(33) 


Because of the presence of the constraints, the time evolution in the phase space is not completely determined by this 
Hamiltonian. Including the terms corresponding to the primary constraints, we thus redefine the Hamiltonian as 


H = H + 


d'^x [A^TTi -|- Xat^a + Xnttn + -J Ja)] j 


(34) 


where A*, A^, Xn, X^ are Lagrange multipliers. 

Now we need to impose the consistency conditions for the primary constraints against time evolution with respect 
to H to determine the secondary constraints. However, we observe from Eq. dsni) that the constraint structure 
differs depending on whether the right-hand side of the equation vanishes identically or not. We therefore separate 
the analysis into the following two subsections, one corresponding to the generic case where the right-hand side of 
Eq. (1301) is nonvanishing, and the other to the special case where it is identically zero. 
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A. Generic case 


In this subsection we consider the case where the right-hand side of Eq. (I30|) does not vanish identically, namely 
the case with (??i, r? 2 ) ^ (0,0). We call it generic since even if r]i and 772 are zero at the classical level, they generically 
become nonzero when quantum corrections to the action are taken into account. 

The consistency conditions of the primary constraints with the time evolution are 


0 = 


-l- Ja) ~ ~ “f -\- {tIh -\- Ja, 7rAr[Ajv]}p , 


0 = ^ttn ~ |7rAr,if|^ = {7rAr,iJ}p -|- + Ja[Xj]}p , 


(35) 


and 


0 = 


dt 


TTA ft! | 7 rA,H|p = {'KA,H}j 


m 

' SA 
SH 


— JAt 


^ ^ dt’^* ^ ^ ^ ~Jn^ ^ JaD^v, 


(36) 


where ~ denotes an equality in the weak sense, i.e. with all the constraints imposed. The first two equations (1351) do 
not lead to additional constraints but are simply considered as equations to determine the multipliers \n and Aj, 




t]2D‘^Xj - 2r]lD^aiXJ) 


: {ttj/ -|- Ja, H} 


f2 /TT fp ■ 


P ’ 




(37) 


On the other hand, the last two equations (155)) give secondary constraints, ~ 0 and JLi ~ 0. 

The set of constraints that we obtained so far is {-Ki, tta, 'Hi, ttn, Ja)- Let us calculate the Poisson brackets 
among them. The Poisson brackets of tt^, tta and with all the constraints trivially vanish: 


{7ri(x),$(?7)}p = 0, {7rA(x),$(y)}p = 0, {7r,,(x), $(?7)}p = 0, 


(38) 


where $ = {tTj, tt^, tTj^, Hj, ttn, Ja}- On the other hand, the Poisson bracket between Hi and Ja can be calculated by 
using the formula 


{H[/l, F}p = / d"* + ^1/. ri'), 


(39) 


where F = tt*!', s(scalar), E®(vector)] is a functional invariant under time-independent spatial diffeomorphism 

and [f,VY = f^DjV^ — V^Djf^ (see Appendix 1X1 for the proof). The result is 


{H[f],JA[(p]}p=JA[fdip]+ j 


- {7rjv[/i9iV], Ja[</7]}p , 


and this does not vanish weakly, where 


H[f] = / TpxH^r, fd^ = pd,^. 


(40) 


(41) 


Similarly to the comment made after Eq. dSU, we assume that the functions P{x) are independent of the canonical 
variables; otherwise, the strong equality in the first line of Eq. (gOl) should be replaced by the weak one, and the same 
applies to the following calculations. We thus define the linear combination 


njN — nj 
rii — tti 


ttnD^N, 


(42) 


so that the Poisson bracket of H^ with Ja vanishes weakly. Actually, the Poisson brackets of H^ with all the 
constraints vanish weakly: 


{H^[f],H^[g]}^=n^[[f,g]]^0 for V®, V, 

{H^[/],¥M}^=¥[/a(^]«.0 for "'r, V, 


(43) 
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where $ = {tt^v, Ja}- The remaining Poisson brackets are those among tt^v and Ja and are 

{7rAr{f), 7rAr(?7)}p = 0, { Ja(^), Ja{v)}^ = 0, (44) 

and Eq. (I5(I1) . 

Hereafter we consider (tt^, tt^, tt^, tttv, Ja) as the basis for the set of constraints. Adding the terms corre¬ 
sponding to the secondary constraints, we thus redefine the Hamiltonian as 

H = H -\- f d^x [A^TTi -|- Xat^a + AjyTTi/ -I- -I- Xnttn + AjJa] , (45) 


where A*, Aa, X^, X-h, Xn^ Xj are Lagrange multipliers. 

The consistency conditions of Ja, t^n with the time evolution with respect to the Hamiltonian H are 


0 — ^ {_JA, T {Ta) TTAf [Aa^] }p , 

0 = Ri {7rw,i7}p-f {ttat, Ja[Aj]}p . (46) 

They yield no additional constraint but equations to determine the multipliers X^ and Aj as Eq. dSIl). The consistency 
conditions of tta, T^i, t^v and T-Lf with the time evolution are 


o 

II 

SH 

{ttA) H}p = ~ 

„ d 

r . SH 

0 = -r'^i ~ 
dt 

{7ri,id}p = — ~ ~H.i + JADi^, 

d 

SH - ~ ■ 


K,id}p = = -d,{NW + n^Ja), 

0=^77^[/]R{77^[/],id}p 

II 

-{NW + N^JA)mdv) - JaJBA + 


JA^^v)[f,NY 


(47) 


where we have used the formula dSSl) to derive the last equality. They vanish weakly and thus do not give any 
additional constraints. 

In summary, (tt^, tta, 'Kv, Jl-f, t^n, Ja) forms the set of all constraints for the generic case studied in this subsection. 
Among them, (2d -|- 2) constraints (TTi, , tta, tTv) are first class and two constraints (ttjv, Ja) are second class. 


B. Special case with rji — rj 2 = 0 


In this subsection we consider the special case where the right-hand side of Eq. (1501) vanishes identically, namely the 
case with = r ?2 = 0. We consider that this is not generic but rather exceptional. Indeed, the choice of parameters 
= d 2 = 0 is not stable under radiative corrections. We nonetheless investigate this case for completeness. Also, 
the study of this special case sheds some light on important roles of Eq. (I37p for the structure of the theory: with 
(and only with) r]i = r ]2 = 0, Eq. (1571) leads to secondary constraints instead of yielding equations to determine the 
Lagrange multipliers. 

The consistency conditions of the primary constraints with the time evolution are 


d r A SH 

0 = R! {7ri,id}p = -f JaAj^, 

0 = {^jv, ^}p = -^ = - IJaD^^D 

d S H 

0 = ~ - {JA:H}p 

at du 

= -d,{NW + NUa) + </-a + + VgA ( 


. V9 


(48) 





where 


= 




A/f2 


2 SN , 




•VgNC 


V", 


(49) 


'Pa = 


A- 1 


( 


dX-1 \y/g 


zN 


^kl 


- D,Dj [^N 


(50) 


with TT = gijTT^R They give secondary constraints Ja ~ 0, 'Hi ~ 0, H^ ~ 0 and (pA ~ 0. 

The set of constraints that we obtained so far is (TTi, tta, Hi, ttat, Ja, Hx, (/)a)- Following the same logic as 
that in the generic case studied in the previous subsection, we define the linear combination Hf^ shown in Eq. 1^. 
While the original constraint Hi has (weakly) nonvanishing Poisson brackets with 'H± and pA as 


{ h [/], h ^ m } p = ha [/9<^] + J I 

{n[f],pA['p]}p =pA[fdip] + J « J fd^N, (51) 

the Poisson brackets of Rf with all the constraints vanish weakly: 

{n^[f],W[g]}^=W[[f,g]]^0 for ^f\'^g\ 

{^[/],¥M}^=¥[/a:^]«0 for "'r, V, (52) 

where $ = {ttn, Ja, 'H±,Pa}- Here, the formula (|39ll has been used to simplify the calculation of the Poisson brackets 
shown in Eqs. m and (ED). The Poisson brackets of TTi, tta and tTi, with all the constraints vanish: 

{7ri(x),$(?7)}p = 0, {7rA(x),$(y)}p = 0, {7rj,(x), $(?7)}p = 0, (53) 

where $ = {tTj, tta, tTj^, Hj^, ttn, Ja,R±, Pa}- Einally, while the Poisson brackets between ttm and Ja vanish, 

{7riv(f), 7riv(y)}p = {7riv(x), JA(y)}p = {Ja{x), JA{y)}p = 0, (54) 

some of the Poisson brackets among ttai, Ja, Rx and pA are nonvanishing: 

{^[x],'^M}p =-^ J J J d'^Zy/^NCv, (55) 

{^[x],Pa['p]}p = -2ryo J d‘‘xx + R"^Qijki'x^'' - tt'’^D iD^ ip, (56) 

{ Ja[x],HIM}p +2go J dV X, (57) 

{ Ja[x],^M}p ~ ylMh J d^^x^N [R^^x + - DW^)x] g^.ki [H'=V + - D^D^)p\ . (58) 


Hereafter we consider (TTi, tta, "Xv, R^ , 'Xn, Ja, R±, Pa) as the basis for the set of constraints. Adding the terms 
corresponding to the secondary constraints, we thus redefine the Hamiltonian as 


H = H + 


d^x(A*7ri + Aatta + X^tti, + A)^H('^ + Xm'xn + XjJa + X±R± + X^Pa), 


(59) 


where A*, Aa, Ai,, A^, Xn, Aj, Ax, A^ are Lagrange multipliers. 

The consistency conditions of tttv, Ja, R± and pA with the time evolution yield no additional constraint but 
equations to determine the Lagrange multipliers A^, Ax, Xj and Xn if the determinant of the following matrix does 
not vanish weakly [13: 

/ {W[x],7iWM}p {^[x],_;^M}p {W[x],'H-lM}p {W[x],_^M}p \ 

M= {>7a[x],'7aM}p {Ja[x],Rx['p]}p {Ta[x],^M}p 

{^[x].^M}p {^[x],j;^M}p {^[x],^M}p {^[x],_^M}p 

V {<)>A[x],7fFM}p {Pa[x],Ja[p]}p {Pa[x],R±['p]}p {Pa[x],Pa[p]}p j 
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With Eq. (l54)) . M can be partitioned with 2x2 matrices B,C,D as 


M = 


0 B 
C D 


where 




{jA[x]AAW\}pj ’ 


C = —{B^ with X ^ f), 


and 0 is the 2x2 matrix with all vanishing components. We thus have 


(61) 


(62) 


detM = (det i3)(det C) = (deti?)(deti3 with x ^ ^)- 


(63) 


Equations (I551) " (I551) show that each component of the 2x2 matrix B is weakly nonvanishing and that only Eq. (1551) 
among them depends on the potential term Cv[gij,o,i], which is a linear combination of a^ai, D^d^D^ai 

and so forth. This means that the component (I55p linearly depends on the coefficients of those potential terms but 
that other components are independent of them. Moreover, detS ^ 0 when all coefficients in Cv[gij,ai\ are set to 
zero. Inspecting Eqs. (I55)l - (|58ll . we thus conclude that det S ^ 0, for any choices of the coupling constants in Cv- 
Hence Eq. (1551) leads to detM 0 and the consistency conditions of ttat, Ja, 'H± and do not yield any additional 
constraints. The consistency conditions of tta, tt^, tTi, and TLf^ with the time evolution are 


d S H 

d , 6H 

0 = Ri {7ri,M}p = = -'Ht + JAD^v, 

° ^ K-^}p = = -d,{NW + N^Ja), 


0 = = J d'^x [-{NW + N^JA)d,ifdi^) - JAfdA+in, - J^5,i/)[/,iV]’ 


(64) 


They do not give any additional constraints since the right-hand sides are weakly vanishing. 

Therefore, (tt^, tta, tt^, T-Lf, ttn, Ja, T~L±, 4)a) forms the set of all constraints for the special case with gi = r ]2 = 0. 
Among them, {2d + 2) constraints (tt^, , tta, t^v) are first class and 4 constraints (ttjv, Ja, 'H±, ^a) are second 

class. 


IV. NUMBER OF DEGREES OF FREEDOM 
A. Generic case 

Our analysis in Sec. Illll on the nonprojectable Hofava-Lifshitz theory with the 17(1) symmetry shows that we have 
Cl = 2d + 2 first-class constraints and C 2 = 2 second-class constraints in the generic case (Sec. IIII Al) and C 2 = d 
in the special case (Sec. IIII Bll in the phase-space dimension dimP = -|- 37 -I- 6. Hence the number of degrees of 

freedom, M, is 

N = i(dimP -2Ci-C2) = ]^{d^ -d + 2- C 2 ) ■ (65) 

In the special case with C 2 = 4, A/" = (d — 2) (d-|- 1) /2 counts the same as the number of transverse traceless 
polarizations of a massless graviton in (d -|- l)-dimensional spacetime, which shows the absence of the scalar graviton, 
the mode present in the original version of Hofava-Lifshitz gravity. On the other hand, in the generic nonprojectable 
case with (72 = 2, there exists an additional degree of freedom in the theory, corresponding to a scalar graviton. One 
thus observes that despite an additional 17(1) symmetry, the scalar graviton generically remains present due to the 
lack of two second-class constraints, and the number of the propagating degrees of freedom is the same as that in the 
original Hofava-Lifshitz theory. 

Since the first-class constraints tt^ r; T-Lf r; r; tTj^ r; 0 are related to the generators of the gauge transformations 
under which the theory is invariant, the motion of the canonical variables is not completely determined by the 
Hamiltonian H due to the unfixed multipliers A\ A^, Aa and Aj^. In order to remove this subtlety, one can in general 
fix the gauge by imposing additional constraints 

a*R0, J"r0, Sa-O, (l = l,2,...,d). 


( 66 ) 
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such that the determinant 


det 


/ <?g‘(g) sg^js) sg'jx) \ 

I SNI {y) 1 =^ 'T-J \y)ip SA{y) 5v{y) \ 

SNi(y) l-^ [yJlp 5A(y) 5v(y) 

SQaIx) ^Ga{x) SGa{x) 

SN3{y) 

I SG^{x) In (;^\ qjN(xf\\ sg^(x) sg^(x) I 

\ SNiiy) [y))p 5A(y) Sv(y) / 


(67) 


does not vanish weakly. For the generic case ( 771 , 772 ) 7 ^ (0,0), we define the total Hamiltonian by including these 
gauge-fixing conditions as 


Htot — J d’^xI^C -l- iV* (T-Li — Jj^Div) — AJa X^iTi Xat^a + XvT^v + 

+ Ajvtttv -I- XjJa + niQ^ + -I- uaQa + n,jQi, 

where {rii, Xf, ua, n^) are Lagrange multipliers, and we have defined 


C = N 


( 2 


M 


M, 


^/g I -7-7^— —Qijki—pi H—) — 'HiD^iA + -JaD^vD'^v 


( 68 ) 


(69) 


The set of all Lagrange multipliers (A% Aa, Aj/, A^, n^, Ajr^, ua, tz^, Aat, Aj) would be fully determined by imposing 
the consistency conditions on the constraints, which are now all second class, with Htot instead of H. 

As an explicit example of the gauge fixing, let us consider the following gauge: 

g-=N\ = J-*[5,„iV,z7,7r'=',^iv,7r,], 

C/A=A, C/j. = Z 7 , 7 r'"', 7 rAr, 7 r^], 

for which the constraints and satisfy 


{j-*(f),7^f(y)}p9^0, 


In this case, the consistency conditions 


dt^ ^ ’ dt^ 


0 , 


Sv{y) 


l,,.o 


tell us that the 2d+ 2 multipliers (A®, Aa, rn, n a) are determined as 

A — 0, TZj — H-i -f JaH^ia^ Aa — 0, tt-a — Ja • 

Then the total Hamiltonian in this gauge is 


Htot = 


J d'^x [C -l- Aj/Tt^ -I- X\iT~L^ -f X^F’' F nnQi, F Xnt^n + AjTa] • 


(70) 

(71) 

(72) 

(73) 

(74) 


From the absence of (A^*, A, tt^, tta) in this gauge-fixed total Hamiltonian, we can see that we have excluded the 
canonical pairs (JV'‘, tt^) and (A, tta) from the phase space in this gauge. The dimension of the reduced phase space 
(gij, N, V, TT^ , is c?^ -|- d -f 4. As usual with second-class constraints, all the remaining Lagrange multipliers 

(Ajy, A^, xf , Aiv, Xj) are fully determined by imposing 

{7ri/(x), ~ O 5 -^tot}p ~ Oj 

infix),Htot}p « 0 , {rix),Htot}p « 0 , 

{7rAr(x),iLtot}p « 0 , {JA(:r),77tot}p « 0. (75) 

There remains the following set of 2(i-|- 4 second-class constraints acting on the [d^ FdF 4)-dimensional reduced phase 
space: 

7r^«0, nf J^«0, ttatwO, Ja«0, (z = 1,2,..., d). (76) 

Hence, in the generic case ( 771 , 772 ) f (0,0), we end up with a (d^ — d)-dimensional physical phase space, and the 
number of propagating degrees of freedom is d(d— l)/2, which shows that there exists a scalar graviton in the system. 



B. Special case with rji — Tj 2 = 0 


The constraint structure and the number of degrees of freedom differ in a nontrivial way in the special case described 
in Sec. IIIIBl i.e. the case with {t]i,t] 2 ) = (0,0). Since Ja is now independent of N, the time consistency conditions 
of TT]\f and Ja introduce two additional secondary constraints 'Hj_ and (pA, shown in Eq. (j48l) . which are absent in the 
generic case. The total Hamiltonian contains these new constraint terms, and formally, we simply need to add two 
terms 


y d'^x (Aj.Hu + (77) 

to Eq. (155)) . We can fix the gauge and eliminate the canonical pairs (iV*, m) and (H, tta) from the phase space by the 
same procedure as in the generic case. In this special case, however, we have two additional second-class constraints, 
'H± ~ 0 and pA ~ 0. They reduce the dimension of the phase space by two, and the total number of propagating 
degrees of freedom becomes {cP — d — 2 )/ 2 , the same as the number of transverse traceless polarizations of a graviton. 
Hence this shows that the scalar graviton disappears in this special case, at least classically. 

An apparent absence of the scalar graviton may arise in the perturbation theory even in the generic case. For 
example, if one sets 772 = 0 in Eq. dUD and considers the vanishing background of a and the background of N 
independent of the spatial coordinates, then the constraint structure appears to be the same as the special case up 
to the level of linear perturbations. This apparent behavior at the linear order is, however, only an artifact of the 
perturbative expansion around a specific background and does not mean that the system is free from a scalar graviton. 
In the situations of this sort, care must be taken, and one needs to consider the nonlinear orders of perturbations, at 
which the scalar graviton becomes dynamical. 


C. Projectable theory 

For completeness, we briefly discuss the projectable case, in which the lapse TV is a function only of time t. This 
restriction implies that the lapse is no longer a local degree of freedom, and thus we can consistently take it out of the 
phase space of the theory. As summarized in Appendix [B) the phase space consists of (f;ij, H®, A, z/, tt^, 7 r,y) 

with 2d+ 2 first-class and 2 second-class constraints, leading to {d — 2) {d + 1) /2 dynamical degrees of freedom. This 
equals the number of traceless transverse polarizations of a graviton, exhibiting the absence of the scalar graviton in 
the projectable case, in sharp contrast to the generic nonprojectable version of the theory (see Sec. IIV Al) . 

The total action, including the gauge-fixing conditions, of the projectable version of the U{1) Hofava-Lifshitz theory 
is, from Eqs. dSSD and (IB3I) . 


= / d‘^a 


CP™j + H® (H* - JaD,i^) - AJa + + Xatta + A.tt, 

+ X\iTLi -f XjJa + X^fpA + TiiQ^ -\- Xf H® + uaGa + , 


(78) 


where C/®,H®, Ga and Gi^ are the gauge-fixing terms as in Eq. dMl), and CP™-* is the projectable counterpart of C, 
defined in Eq. (1551) . Note that the potential term Cy and the constraint Ja now depend only on 5 ^-, since diluN = 0 
and all of their dependence on N vanishes in the projectable case. 

Performing the gauge fixing in the same manner as in the previous subsection, we choose 

g-=N\ J-® = , 

Ga = A , Gv = Gv [gij,v, tt'®', TT^] , (79) 

imposing the conditions 

(80) 


similar to Eq. dm. Then the time consistency conditions for C/®, tt^, Ga and tta determine the multipliers 
(A®, A^,Ui,riji) in exactly the same way as in Eq. (1731) . After this gauge fixing, we can completely eliminate the 
gauge modes H®, A, tt^ and tta from the phase space, resulting in the Hamiltonian 
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The evolution of the system with the reduced phase space , z/, tt*-!, is governed by this Hamiltonian. Due to 
the conditions in Eq. (l80t . all of the constraints ~ 0 are now second class. Imposing them 

then reduces the phase-space dimension from d{d+ 1 ) - 1-2 to {d— 2){d+ 1 ), or equivalently (d— 2 )(d-|- l )/2 degrees of 
freedom, as desired. Similarly to Eq. GSJ, the Lagrange multipliers are determined by the time consistency conditions 
for the constraints. 

The Hamiltonian structure of the projectable case is closely similar to the special version of the nonprojectable case, 
described in Sec. IIVBI The only differences at the classical level are that the former excludes the lapse N from the local 
degrees of freedom (and thus the corresponding second-class constraints are absent) and that £y and Ja in the former 
have no dependence on N. However, quantum effects are expected to detune such a special choice of parameters as in 
the special nonprojectable case, and fine-tunings would be required to keep those quantum corrections from arising. 
Thus even if one starts from the classical action without a scalar graviton in the nonprojectable theory, it would 
generically reappear at the quantum level. On the other hand, the projectable case is constructed in such a way that 
N is constant at any constant-time hypersurface, and the absence of a scalar graviton is consistently guaranteed at 
the full order. The number of propagating degrees of freedom in the gravity sector is thus the same as that of a 
massless spin-2 graviton in GR. 


V. DISCUSSION 

In this paper we have applied the standard method of Hamiltonian analysis in the classical field theory to the C/(l) 
extension of Hofava-Lifshitz gravity without the projectability condition. We have studied the nature of constraints 
and counted the number of physical degrees of freedom. In particular, we have shown that the theory contains the 
scalar graviton unless the coefficients of 0 * 0 ^ 0 - and D^aia, which we denoted as rji and 772 , are set to zero exactly. 

It is known that the scalar graviton is absent in linear perturbations around a flat background even if ryi 7 ^ 0, as 
far as 772 = 0. Actually, on a flat background the term a^aicr is of the cubic order in perturbation and thus does not 
contribute to the equations of motion for linear perturbations. This is the reason why the linear perturbation analysis 
is insensitive to the value of 771 . On the other hand, the absence of the scalar graviton at the fully nonlinear level 
requires not only 772 = 0 but also 771 = 0 . 

The reason why 771 and 772 determine the presence/absence of the scalar graviton is understood as follows. The 
Poisson bracket between two constraints, that we denoted as ttjv and Ja, vanishes identically if and only if 771 =772 =0. 
Thus, only in this special case, the consistency of the two constraints with the time evolution does not determine 
Lagrange multipliers but instead yields two secondary constraints. These secondary constraints are responsible for 
the elimination of the canonical pair corresponding to the scalar graviton. 

We have identified the condition under which the scalar graviton is absent, i.e 771 = 772 = 0. However, the operators 
corresponding to the two coupling constants are a'a^cr and and both of them are marginal for any values of 

the dynamical critical exponent z. Therefore, even if 771 and 772 are set to zero by hand, they should be generated 
by quantum corrections. In this sense the condition 771 = 772 = 0 is unstable under radiative corrections. We thus 
conclude that the scalar graviton is generically present in the theory. 

Contrary to the generic nonprojectable theory, the projectable version of the U{\) extension of Hofava-Lifshitz 
gravity does not contain the scalar graviton (see Sec. IIV Cl) . An important point is that, unlike the above-mentioned 
condition 771 = 772 = 0 in the nonprojectable theory, the projectability condition provides a consistent truncation and 
thus is expected to be stable under radiative corrections. Hence, the number of physical degrees of freedom in the 
projectable theory is the same as in GR.^ Nonetheless, physical properties of the propagating degrees of freedom, 
e.g. the dispersion relation, are different from those in GR. It would certainly be of theoretical interest to determine 
whether there are any other such theories. 
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Appendices 


Appendix A: Calculation of {4f[/],A}j 


In this appendix we calculate the Poisson bracket {’H[/],F}p, where F = F[gij,TT^^,s,V^] is a functional of the 
spatial metric gij, its canonical momenta a scalar s and a vector E* on a constant-f surface and we assume 
that F is invariant under time-independent spatial diffeomorphism. We do not require the invariance of F under 
a time-dependent spatial diffeomorphism nor assume any properties of s and E* under the time-dependent spatial 
diffeomorphism. 

We consider the time-independent spatial diffeomorphism, 




(Al) 


where ^{x) is a time-independent d-dimensional spatial vector. Under this infinitesimal transformation, the spatial 
metric g^j , its canonical momenta , a scalar s and a vector U* transform as 


gij y gij F)i^j -\- Dj^ij 
7rb Trd , 

—p —p + ( — )- pDk^^ - pDk^ 


V9 


U* 


-ik 


pj 


V9 \V9J V9 

s + ^'"dks, 

W + ^'^DkV^ - V’^DkC 


V9 


(A2) 


where Dk is the spatial covariant derivative compatible with gij and we have used the fact that is a tensor. 

The variation of a functional F of these variables is thus calculated as 


5F = / d^x 




SF 


\V9 


SF ^ SF 

Si^]+-S, + ^SV 


d -2g^k^/gDj 
f 1 SF 


SF 


J_ / SF 

Va V Sgkj J^/^\ ' S{-Ki>^/y/g) 


D,. 


ttA X 

Va) 


2y/gDj 


\y/g S{'K^’-/y/g) y/gJ Ss 


SF SF 

H ——DiS + -jr—DiV^ + y/gDj 


SVF 


1 SF 


VI 


(A3) 


where the subscript T^j^/g in {SF/Sgij)^/^ indicates that the functional derivative is taken with Tr^^/s/g (instead of 
TT^*) fixed. Therefore, the diffeomorphism invariance of F, i.e. SF = 0 for implies that 


2D, 


J_ / SF 

[Va 


SF 


,/g /y/g)' 

1 SF 


rjk 


D^[ — ]+ 2g^’^D, 


Va 

1 SF 

71^ 


1 


SF 


TT- 


■jl 


D'-V^ + g^'^Dj 


'' VaSV^VVa)Va 

1 SF 


VaSV^ 




(A4) 


For practical purposes, it is convenient to express (SF/Sgij),,/^ in terms of (SF/Sgij),^, where the subscript tt 
indicates that the functional derivative is taken with (instead of V’’/y/g) fixed. By writing down the variation SF 
in two different ways as 


SF\ 


SF 


SF 


SF 


T- Sg,, + —S7r^^ + —Ss+—SV^= — Sg. 


Sgij J T, 


(57rb 


Ss 


SV^ 


SF 


Sail 


SF 


y / ir/Vg 


Si-^^VVa) \VaJ Ss 


SF 


SF 


S[ — ]+—Ss + —JV\ (A5) 


and equating the coefficients of Sgij and , we obtain 


SF 

Sa-. 


y / T^/Va 


SF 

Sgij / ,r 


1 SF 


2 Stt^^ 


Aj 

TT g\ 


SF 


= V~a 


SF 


S(A / y/g) ^ (57rb 


(A6) 
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By substituting Eq. (IA6I) into Eq. (IHl) . we thus obtain 

SF 7r'=' 


2D, 


J_ / 6F 

.y/g \Sg^J 


= -£)* 


y/g J \ y/g 






y/g Ss y/g 5V3 


ySir^^ y/g 

/ 1 SF 

wi^ 




(A7) 


This formula will be used below. 

For the calculation of {H[/],F}p, we first need to calculate the functional derivatives of H[/]. A straightforward 
calculation leads to 


1 snif] _ 7T 


ik 


rkj 


y/g ^gij y/g 

sn[f] 


= —DkP + —DkP - Dk —r , 


V~g 


V~g 


Stt'^3 


— Difj + D,fi. 


(A8) 


Hence, we obtain 


{H[/],F}p = J d'^ 


/ Ad„ 

\mf] SF 

sn[f] 

(SF\^ 

1 0. X 

Sgij Stt^3 

(57rb 



= J d^xPg 
By using Eq. (TATt . we thus obtain 


Tr'^3 


( P3 


^Dkf + —Dkf - Dk ( —f 
[y/g y/g 


SF 

Snd 




Ky/g' J\ [y/g\^gij 

mf],F}^=I +§-[/,v]^. 


(A9) 


(AlO) 


Here, /* is assumed to be independent of canonical variables. If /* depends on canonical variables then we instead 
obtain 


{n[f],F}^ = n[{f,F}p +1d^x(^^fd.s + -^[f,V]^ «I 


SF 

(All) 


Appendix B: Hamiltonian analysis of the projectable theory 

In order to compare the analysis in the present paper with that under the projectable condition N = N{t), i.e. 
Oi = 0, performed in Ref. [l^ . in this appendix we sketch the analysis for the projectable theory using our notation. 
In the projectable case, the lapse N is not a local degree of freedom and the Hamiltonian constraint, i.e. the equation 
of motion for N{t), is not a local equation but an equation integrated over the whole space. Since the whole space here 
includes not only our patch of the universe but also many other patches, the Hamiltonian constraint of this form does 
not restrict the behavior of local degrees of freedom Q . We thus do not have to impose the Hamiltonian constraint 
to count the number of degrees of freedom. In the following, we thus simply consider N{t) as a fixed positive function 
of t and we do not vary it. The phase space N'^, tt^. A, tt^, v, is {cP + 3d + 4) dimensional. 

The primary constraints are 


TTi = 0, TTA = 0, TTt, + Ja = 0, (Bl) 

whose Poisson brackets all vanish. The consistency conditions of the primary constraints are 

d . SH 

0 = ~ {^ij 71}p = — gjyji ~ ~P-i + JADiV^ 

d SH 

0 = + Ja) ~ ~~p// A 

= -d/NW + NUa) + </-a + + PgD/N^JA/Pg). (B2) 
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So far the constraints are (TTi, tt^, tTj^, 'Hi, Hi, (^a)- Only the Poisson bracket between Ja and 4>a does not vanish 
weakly [Eq. (1551) ] among them. We redefine the Hamiltonian as 

d‘^a;(A*7ri + Aa’tta + Ai/TTjy + A^Hi + XjJa + A,^0a); (B3) 



where A*, Aa, Ajy, A^, Aj, A^ are Lagrange multipliers. 

The consistency conditions of Ja and (j)A with the time evolution do not yield additional constraints but simply 
result in equations to determine the Lagrange multipliers Aj and A^. The consistency conditions of Trq tta, tti, and 
Hi with the time evolution are 


d S H 

d 5U 

0 = ^TTi Ri {7ri,H}p = = -'Hr + JaD^v, 

1 r TT 

0 = ^ K, 77}p = = -d^{NW + N^Ja). 

at du 

0 = ^H[/] Ri {H[/],H}p = [ d‘‘x [-{NW + N^JA)drifdi^) - JAfdA+iUr - JAa,r/)[/, Hj’ 


(B4) 


They weakly vanish and thus do not give any additional constraints. Therefore {-Ki, 'Hi, tta, tTj,) are {2d + 2) first-class 
constraints and Ja and 4>a are two second-class constraints. The number degrees of freedom M is 

A/" = i [{(f + M + 4)- 2{2d + 2)-2]= ^{d^ -d-2), (B5) 

which implies the absence of the scalar graviton. 
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